
B S PDE

beginmatrixdVrSdVdsfrac12sigma2S2d2Vds2endmatrixrVleftEright

1 Transform into the heat equations

2 Solve the heat equation

3 Transform back

4 Obtain the famous Nleftd1right and Nleftd2right

VleftSTrightmaxleftSK0right

backward we know the value

at T and want to find the value
at tT
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Heat diffusion in physis temperature

spreading

Probabilitydiffusion in finance uncertainty

spreading



frac2rS2d2Vds2rSdVrVdVdt
Rightarrow2sigma2S2d2VrSdVrVdVdt

at tT

VleftSTrightVleftStau0rightmaxleftsK0right
using T

VleftS0rightmaxleftSK0right
we now have an initial condition needed

to use the heat equation

utvxx uleftx0rightfleftxright



xlnleftfracskright
RightarrowexnicefracSKRightarrowSKex

Chain rule
beginmatrixdVdVdxdSdxdsendmatrix
Vlefts0rightVleftKex0right

RightarrowdVdV1dxs

beginmatrixd2VddsendmatrixbeginmatrixdV1dxsendmatrix
dleftbeginmatrixdVdxendmatrixrightS1dleftbeginmatrix1sendmatrixrightdVdx



10Vs2
1beginmatrixd2V1dsdxsendmatrixleftbeginmatrixdVdxdxdsendmatrixrightdVdxfracs

dx

d2Vdxdx2dsfracSd2V1dx2ssd2Vdx2s2Rightarrowd2Vd2V1dVds2s2leftbeginmatrixd2VdVdx2dxendmatrixright



beginmatrixsigma2S2d2V2dS2rSdVrVdVdsendmatrix
Rightarrow2sigma2leftbeginmatrixd2VVdx2dxendmatrixrightrSdVrVdVdtau

11

beginmatrixrSuvdxSdvdxdsrrendmatrix

frac12sigma2fracu2Vdx2dVleftrfrac12sigma2rightrdtau
arfrac12sigma2 problematic terms

to be eliminated to
looklike a heat

Rightarrowfrac12sigma2d2Vdx2adVrVdVdtau



We define a

uleftxtaurightKealphaxbetatau
Intuition exponentials have the useful

property that differentiating them

gives
back the same exponential

We use ltimes and
beta to cancel

unwanted terms

dgammaleftuleftxtaurightleftKaalphaxbetataurightrightdudtauKealphaxbetatauuleftxtaurightbetaKealphaxbetatauKealphaxbetatauleftduuleftxtaurightbetaright



aleftgammauleftrightbetarightbeginmatrixdVdxduKealphaxbetatauuleftxtaurightKalphaealphaxbetatauendmatrixKealphaxbetatauleftbeginmatrixdudxuleftxtaurightalphaendmatrixrightbeginmatrixd2Vdx2d2uKealphalambdabetataudutimesKealphaxbetatauendmatrix

duKalphaealphaxbetatauuleftxtaurightKalpha2ealphaxbetatau
Kealphaxbetatauleftbeginmatrixd2udx22dudxendmatrixalphauleftxtaurightalpha2right

E frac12sigma2d2Vdx2adVrVdVdtau
frac12sigmaKealphaxbetatauleftbeginmatrixd2udx22dudxendmatrixalphauleftxtaurightalpha2right



aKealphaxbetatauleftbeginmatrixdudxuleftxtaurightalphaendmatrixrightruleftxtaurightKealphaxbetatauKealphaxbetatauleftbeginmatrixpartialupartialtauendmatrixuleftxtaurightbetarightRightarrowfrac12sigma2leftbeginmatrixd2u2dudx2dxendmatrixalphauleftxtaurightalpha2rightaleftbeginmatrixdudxuleftxtaurightalphaendmatrixrightrnleftxtaurightpartialupartialtauuleftxtaurightbeta



Rightarrowdudtaufracd2u2sigma2
duleftsigma2alphaaright
uleftxtaurightleftfrac12sigma2alpha2aalpharbetaright

Eliminate the dudx term

we define α so that

sigma2alphaa0

alphanicefracasigma2

E fracdudtaud2udx2frac12sigma2uleftxtaurightfrac12sigma2x2
aalpharbeta



Eliminate the uleftxtaurightterm

say betafrac12sigma2alpha2aalphar

E duusigma2fracd2u2
the PDE now

contains

a
time derivative du

dtau

a second spatial derivative d
rceil

u

dx2

heat equation



Since we set xlns_K

Vlefts0rightmaxleftKexK0right
Kmaxleftex10right

Rightarrowuleftx0rightealphaxleftex1right
using yfracxsigma thetatau2
E

beginmatrixdud2thetaendmatrixfrac12sigma2partial2upartialy2sigma2
Rightarrowdud2xdthetad2



The heat function has a known

solution convolution

uleftysigmaright1sqrt4pithetaint_inftyinftyulefteta0rightey1deta
After injecting the

initial solution I

uleftxtauright1sqrt2pivint_0inftyealphaxileftexi1righteleftxxiright2dxi I1
the transformed payoff

breaks into 2 Gaussian

integral

I2

This gives 2 integrals

I11sqrt2pivint_0inftyeleft1alpharightxieleftxxiright22vdxileftldotsrightNleftldotsright



r

I21sqrt2pivint_0inftyealphaxieleft1xiright22vdxileftldotsrightNleftldotsright

and uleftxtaurightI1I2

Remember that earlier we set

VleftxtaurightuleftxtaurightKealphaxbetaT

so VleftxtaurightleftI1I2rightKealphaxbetatau



After simplification

VleftstrightSNleftd1rightKertNleftd2right
with d1lnsKlefttfrac12sigma2righttau

d2d1sigmasqrttau


